Sri Chaitanya liT Academy., India.

AP, TELANGANA, KARNATAKA, TAMILNADU, MAHARASHTRA, DELHI, RANCHI
d right Choicg for the Real dspirant
ICON Central Office ,Madhapur — Hyderabad

Indian National Mathematical Olympiad (INMO-2023)

Date: 15-01-2023
Time: 4 Hr QP & SOLUTIONS Max. Marks: 102

O1.

O1.

Let S be a finite set of positive integers. Assume that there are precisely 2023 ordered
pairs (z,y) in S x S so that the product 2y is a perfect square. Prove that one can
find at least four distinct elements in S so that none of their pairwise products is a
perfect square.

Note: As an example, if § = {1,2,4}, there are exactly five such ordered pairs: (1,1),
(1,4), (2,2), (4,1), and (4, 4).

Solution
Given S be a finite set of positive integers.

Assume that there are precisely 2023 ordered pairs (x,y) in §xS such that xy is a

perfect square.

For example

s ={1,2,4)

= $x8={(11),(12)(13),(21)(2.2) 2.4 (41)(4:2)(4.4)}

= in SxS

{(1.1),(1,4),(2.2),(4.1),(4.4)}

= are exactly 5 pairs with xy is a perfect square and 4 are non-perfect square.
Let [S|=n

Then |Sx §|=n’

=n’ >2023

Let (x,y)eSxS

Any xy is a perfect square
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Now if x =y then always true.

Let k elements are there s.t x=y then x.y is a perfect square.
In another case x# y but xy is a perfect square

= If x,y are /| numbers then (x,y) are I’ pairs

= [*> pairs of SxS

Now

= S=US,. and S,NS,-¢ for i+ j

Proof by contradiction:

Let us assume that it is true for at most three elements

=8, US,US, =8 and |S|=k, |S,|=k,, and |S,|=k,

Case-1:

If k2 +k2+k2 =2023

Which has no solution if solve under mod 4 and mod 5

Which is as non-linear Diophantine equation and in same way
Case-2:

If k} +k; =2023 also not possible under (mod 4)
Case-3:

If k2 =2023

Which is not at possible

Which is contradiction to our assumption. Hence & >4.
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Suppose ag, - ..,a100 are positive reals. Consider the following polynomial for each k
in {0,1,...,100}:

100 99 98 97 2
a100+kT + 100agg k™ + agg+kx”" + Ggr4kT”" + - -+ + 24k T” + a14%T + ag,

where indices are taken modulo 101, i.e., ajgo+; = a@i—1 for any 7 in {1,2,...,100}.
Show that it is impossible that each of these 101 polynomials has all its roots real.

Solution
100 99 98 97 _
Qoo X H100ag,, X +age, , X +ag,, X =........ +a,,x+a,

Given

and @, =a,, mod (101)

our q,'s are solved under mod101

Now put k£ =0,1,2,3,....,100 then

We will get (Consider polynomial Equation)
00X " +100a,,x” + ayx™.....ax +a, =0

a0, X' +100a,,,x” + agyx™.....a,x+a, =0

100 99 98 4
A X +100a,, X7 + a0 X ... ax+a,=0

We know that a,'s e R"

100
=Y a,>0#0
i=0
= X" +100x” + 3"+ +x+1=0.0eenn i
By the Descart’s Rule of sign this equation has all negative real roots.

Let ¢,,a,,.....a,, are the roots
= a,eR”

Then by Vieta‘s Relation
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100

D a,=-100

a,=-1=8,=-1 (1)

Using AM >GM
2.4,z Zl
ai

=100>100"

All roots are real and equal and the sum of square of roots is -1

Which is not possible

= it is impossible that each of these 101 polynomials has all its roots are real.

Let N denote the set of all positive integers. Find all real numbers ¢ for which there

(a) for any z,a € N, the quantity f@+a)=f(@) 5 an integer if and only if a = 1;

a

03.

exists a function f : N — N satisfying:

(b) for all z € N, we have |f(z) — cz| < 2023.
03. Solution

N — Natural Number

fN->N

Let f(x)=a,x"+a, x"" +...+ax+aq,

a, e N

Then f(x) is an integral polynomial

S (m)=f(n)

m-—n

:f(x+a)eN

= eN

And f(x)eN
:(x+a)—x|f(x+a)—f(x)

:a|f(x+a)—f(x)
Vx,aeN
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By the divisibility property of polynomials a| f (x+a)— f(x)
Now assume that f(x) is not a polynomial and it is true for

f(x+2)—f(x)

¢Z iff a=1
2
Now let a=2
:>f(x+2)—f(x)6£Z

2
:2}(f(x+2)—f(x)
= f(x+2)-f(x) is an odd number

Replace x —(x+2)

- f(x+1)—f(x+2)
2

¢

= 2| f(x+1)- f(x+2) is an odd number
= {f(x+4)- f(x+2)}+{f(x+2)-f(x)} is an even number
= f(x+4)-f(x) is even

=2] f(x+4)-f(x)

If implies we can say that

2| f(x+2)-f(x)

2| f(x+2°)- £ ()

2| f(x+2") - f(x)
fx+2")-1(x)

= o el

From second statement

|f (x)—ex| < 2023

= 2023 < f(x)—cx <2023

= cx—2023< f(x) <cx+2023

= 2" 4046 < f(x+2") - f(x) < .2 ~4046
=2celZ

Then cez or c=n+%
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If ¢ is an integer
Then let p(x)= f(x)—cx
p(x+a)=f(x+a)—cx—ac

:>a}(p(x+a)—p(x)

Then c=n+% for some neN.

Let kK > 1 and N > 1 be two integers. On a circle are placed 2N + 1 coins all showing
heads. Calvin and Hobbes play the following game. Calvin starts and on his move
can turn any coin from heads to tails. Hobbes on his move can turn at most one coin
that is next to the coin that Calvin turned just now from tails to heads. Calvin wins
if at any moment there are k coins showing tails after Hobbes has made his move.
Determine all values of k for which Calvin wins the game.

Solution

2N +1 1

Case-1:

Let us assume that k> N, then by Pigeonhole Principle there exist at least two coins
which are adjacent each other and which are the moves of Calvin and these
adjacent coins are having tails on the up face. Then Hobbes always can turn.
Another one among these two coins such that one will becomes head.

It at any moment there are k£ coins showing tais after Hobbes has made his move.
So in this case Calvin never Wins.

Case-2:

Let k<N

So if k<N then Calvin can moves alternatively by leaving one and another then he
can reach always up to N element such that he always Wins.

Hence Calvin can get at most (N +1) tails to win.
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Euler marks n different points in the Euclidean plane. For each pair of marked points,
Gauss writes down the number |log, d| where d is the distance between the two points.
Prove that Gauss writes down less than 2n distinct values.

Note: For any d > 0, |log, d| is the unique integer k such that 2% < d < 2F+1,

Solution

n=2,3,4 = "c,<2n

= true for n=2,3,4

Let n>5= "¢, 22n

Let Consider the set

S={k+1, k+2,......k+2n}

Then we choose a triangle with one of side is largest i.e

d :2k+2n+a, ae[0,2k+2n)

max

Applying triangle inequality
BC—-A4AB< AC
2k+2n +a_(2k+P2 +ﬂ2)<2k+PI +ﬁ1

k+2n k+P, k+R
28 2R ML B —a+ B,
\_W—J

Case-1:

If g+p, <«

2R B+ B+ < 20
= 2k+2n _2k+Pz < 2k+Pl

= 2% 2R < 0f

Page7




'@Srl Chaitanya lIT Academy, India INMO_QP & SOLUTIONS _2023

= 2211 _ 2P2 < 22,,,/(1
= 22n+k1 _2P2+k, < 2271

=27 (2% —1) <2

=27 <

=2 < 2" < 25
?al @)

= 2% <20

2n< P, +1

B <2n

Which is contradiction to our solution

Case-2:
ptph<a
B+pB,—a>0

Same Contradiction in left

General Case:

Consider any Random point from set of any Random set of 2n elements.
By using the previous argument

We can consider two cases:

Casel:

Then exist an element

k+2n+rn
s>l
Maximum
2n—2n+r,

Same contradiction
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06.
Euclid has a tool called cyclos which allows him to do the following;:

e Given three non-collinear marked points, draw the circle passing through them.
e Given two marked points, draw the circle with them as endpoints of a diameter.

e Mark any intersection points of two drawn circles or mark a new point on a
drawn circle.

Show that given two marked points, Euclid can draw a circle centered at one of them
and passing through the other, using only the cyclos.

06. Solution
Cyclos:

I) Given three non-collinear marked points, draw the circle passing through them.
I[I) Given two marked points, draw the circle with them as end points of a diameter.
III) Mark any intersection points of two drawn circles or mark a new point on a

drawn circle

C

non-collinear

Diameter

B
() (IhDiameter (i

Now given two points let (4,B)

First Draw line AB and draw circle with diameter AB using Cyclos.

 Eucatia
\_/

Now choose any Random point on the circle let P

Then draw circle using statement 2 from A and B
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PO L AB

So we always can final Mid-point for AB from above process

= CO,=CO = COQ, is an equilateral

In the same way we can construct an equilateral triangle ABC'
= C'A=C'B=4B

In the same way

ABB' is an equilateral triangle.

= Circle with B,B',C' is a circle with AB as radius
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